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1 A Brief Summary on Fractional Calculus

In this text we give explanation on the fractional calculus. Everybody is welcomed to read
the text.

1.1 What is the fractional differentiation

We know that the derivative of a function f(x) = x5 is f ′(x) = 5x4, and further differen-
tiation of f ′(x) gives f ′′(x) = 20x3. The power of x decreases by differentiation. We call
the such differentiation as the conventional differentiation. Then, is there another type of
differentiation that makes f(x) = x5 to

g(x) = cx4.5 ? (1)

If there exists such differentiation, we may call them as the fractional order differentiation
(or fractional differentiation, briefly). The constant c is remained to be determined.

In order to guess the constant c, the following function is differentiated:

f(x) =
x5

5!
(2)

where the symbol ! denotes the factorial. The first and the second derivative of this
function are given by

f ′(x) =
5x4

5!
=

x4

4!
, f ′′(x) =

4x4

4!
=

x3

3!
(3)

Then the half-order differentiation of eq. (2) can be conjectured as

d0.5f(x)

dt0.5
= cx4.5

=
x4.5

4.5!
(4)

if there exist a smooth function x! that connects 5! at x = 5 and 4! at x = 4. Note that
the notation of fractional derivative d0.5/dt0.5 is tentative one.

There are difficulties in considering the fractional differentiation. One of such a prob-
lems is the fractional derivative of the constant functions such as f(x) = 1. A simple
answer may be the zero function. However, there is another stand point in which the
fractional derivative of a constant function is not necessary to be the vanishing function.
Such a stand point comes from sequential differentiations. The derivative of the func-
tion f(x) = x1/2 is f ′(x) = x−1/2/2. In the context of fractional derivative, the first order
derivative can be achieved by the twice differentiation of the half order differentiation. The
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first time of half derivative of x1/2 gives a constant function, which means that the second
half derivative gives the zero function, if the fractional derivative of the constant function
vanishes. This contradicts the result of direct derivative of x1/2/2. In order not to stray
in the confusing problems inherent to the fractional differentiations, clear understanding
of mathematical definition is necessary.

1.2 Definition of fractional integration and differentiation

The derivative of a function is defined as the limit of difference quotient of a function
between the two points

f ′(t) = lim
h→0

f(t+ h)− f(t)

h
. (5)

The fractional derivative of a function can be defined as an extension of the above defini-
tion. However, another approach will be adopted. We first define the fractional integration
known as the Riemann-Liouville integration:

Ina,tf(t) =
1

Γ(n)

∫ t

a
(t− τ)n−1f(τ)dτ, n > 0, (6)

where the subscripts a and t denote the range of integration. Γ(x) is the gamma function
defined by

Γ(x) =

∫ ∞

0
ux−1e−udu, (7)

for x > 0. The gamma function reduces to the factorial function for natural number x

Γ(x) = (x− 1)!, x = 1, 2, . . . (8)

The gamma function has the following properties:

Γ(x+ 1) = xΓ(x) (9)

Γ(1) = 1 (10)

We can verify by direct integration (by parts) of the constant function f(t) = 1 or f(t) = t2

that eq. (7) defines the n-th order integration.

In0,t1 =
tn

Γ(n+ 1)
(11)

In0,tt
2 =

2tn+2

Γ(n+ 3)
(12)

1.3 The Riemann-Liouville fractional differentiation

We utilize eq. (6) to define a fractional differentiation. We know that the fifth order
derivative of the third order integral of a function is the second order derivative of the
function. We extend this property to noninteger order. Let q be positive real and n be a
natural number that satisfies the inequality, n − 1 ≤ q < n. The q-th order derivative of
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a function f(t) is defined as the n-th order derivative of the (n − q)-th order integral of
f(t):

Dq
a,tf(t) =

dn

dtn
In−q
a,t f(t)

=
1

Γ(n− q)

dn

dtn

∫ t

a
(t− τ)n−q−1f(τ)dτ (13)

This definition is said to be the Riemann-Liouville differentiation. Applying the 0.5-th
order Riemann-Liouville differentiation to the function f(t) = t5/5!, we obtain D0.5

0,t t
5/5! =

t4.5/Γ(5.5), which is the same as eq. (4).

1.4 The Caputo fractional diffrerentiation

We introduce another oft-quoted definition of fractional differentiation. The Riemann-
Liouville differentiation is defined as the integer order derivative of the noninteger order
integral. It is natural to interchange the order of differentiation and integration to define
another type of fractional differentiation.

∗Dq
a,tf(t) =

1

Γ(n− q)

∫ t

a
(t− τ)n−q−1f (n)(τ)dτ (14)

The integer n satisfies the inequality, n− 1 < q < n.

Other definitions: We have introduced two types of fractional differentiations. However,
there are many definitions for fractional differentiations. Among others we mention the
definitions that are defined by interchanging the upper bound and the lower bound of
integrations in eqs. (13) and (14) as

Dq
a,tf(t) = (−1)n

1

Γ(n− q)

dn

dtn

∫ a

t
(τ − t)n−q−1f(τ)dτ (15)

∗Dq
a,tf(t) = (−1)n

1

Γ(n− q)

∫ a

t
(τ − t)n−q−1f (n)(τ)dτ (16)

Other type definitions are obtained by extending a → −∞ or a → ∞ in these definitions.
The readers would refer to other text for the detailed explanation of these definitions.

1.5 Properties of fractional differentiations

Fractional differentiations of polynomials:
The fractional differentiations of polynomials are the same as the conventional differ-

entiations. For the Riemann-Liouville differentiations, we have

Dq
a,t[ f(t) + g(t) ] = Dq

a,tf(t) +Dq
a,tg(t), (17)

Dq
a,tkf(t) = kDq

a,tf(t), (18)

where k is a constant. The Caputo differentiation has the same properties.
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The difference between the Riemann-Liouville differentiation and the Caputo differentia-
tion:

The Riemann-Liouville differentiation and the Caputo differentiations are defined by
interchanging the order of integer order differedntiation and the nonintefer order integra-
tion. This difference causes different derivatives of the same function between the two
fractional differentiations. The prominent example is the fractional derivatives of the
constant functions. The (n − q)-th order integral of the constant function u(t) = 1 is
tn−q/Γ(n− q + 1), when the lower terminal is assumed to be a = 0. Thus, the q-th order
Riemann-Liouville derivative of u(t) is non-vanishing function

Dq
0,t1 = t−q/Γ(1− q) (19)

The Caputo derivative of order q > 0 of u(t) vanishes, because all order of conventional
derivative of u(t) vanishes.

∗D0,t1 = 0 (20)

The following equality holds between the Riemann-Liouville derivative and the Caputo
derivative. If f(t) is n− 1 times continuously differentiable and if f (n)(t) is integrable

Dq
a,tf(t) =

n−1∑
k=0

f (k)(a)(t− a)k−q

Γ(k − q + 1)
+ ∗Dq

a,tf(t) (21)

for nonintegr q > 0. The two derivatives coincide, if all the derivatives of order less than
n vanishes at t = a.

The lower terminal of the derivatives (the lower limit of the fractional integrals)
The fractional differentiations are defined using the fractional integrations. Therefore,

different derivatives may be derived from the same function, if the lower terminal of
differentiation is changed. As an example the Riemann-Liouville derivatives of the function
f(t) = t2/2 is examined changing the lower terminal a.

D0.7
0,t

(
t2

2

)
=

t1.3

Γ(2.3)
(22)

D0.7
a,t

(
t2

2

)
=

(t− a)1.3

Γ(2.3)
+

a(t− a)0.3

Γ(1.3)
+

a2(t− a)−0.7

Γ(1.3)
(23)

The two derivatives coincide when a = 0. In the Caputo derivative, the third term of eq.
(23) is absent.
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